Published by Institute of Physics Publishing for SISSA/ISAS Received: October 1, 2003 Revised: November 20, 2003 Accepted: December 15, 2003

Scalar brane backgrounds in higher order curvature gravity

Christos Charmousis, Stephen C. Davis^∗ and Jean-François Dufaux

LPT, Université de Paris-Sud Bât. 210, 91405 Orsay CEDEX, France E-mail: Christos.Charmousis@th.u-psud.fr, Stephen.Davis@th.u-psud.fr,

Dufaux@th.u-psud.fr

Abstract: We investigate maximally symmetric brane world solutions with a scalar field. Five-dimensional bulk gravity is described by a general lagrangian which yields field equations containing no higher than second order derivatives. This includes the Gauss-Bonnet combination for the graviton. Stability and gravitational properties of such solutions are considered, and we particularily emphasise the modifications induced by the higher order terms. In particular it is shown that higher curvature corrections to Einstein theory can give rise to instabilities in brane world solutions. A method for analytically obtaining the general solution for such actions is outlined. Generically, the requirement of a finite volume element together with the absence of a naked singularity in the bulk imposes fine-tuning of the brane tension. A model with a moduli scalar field is analysed in detail and we address questions of instability and non-singular self-tuning solutions. In particular, we discuss a case with a normalisable zero mode but infinite volume element.

Keywords: Extra Large Dimensions, Cosmology of Theories beyond the SM.

∗New address: Institut de physique théorique, BSP, EPFL, CH–1015 Lausanne, Switzerland

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep122003029 /jhep122003029 .pdf

Contents

1. Introduction 1

2. Action 4

3. Field equations 5

4. Brane gravity and stability 7

5. Conformally flat solutions 10

6. Six-dimensional Kaluza-Klein case 13 6.1 General bulk solution 13 6.2 Brane tension and parameter tuning 15 6.3 Stability and four-dimensional effective gravity 16

7. Conclusions 18

A. Field equations 19

1. Introduction

Developments in string theory suggest that matter and gauge interactions (described by open strings) may be localised on a brane, embedded into a higher dimensional spacetime. Fields represented by closed strings, in particular gravity, propagate in the whole of spacetime. Such an idea provides an interesting framework to address theoretical issues of particle physics and cosmology, such as the hierarchy and cosmological constant problems, or the source of dark energy and dark matter. Several toy models were introduced (see for example [1, 2, 3] for early works) to address some of these problems. Some directly emerged from string theory setups [4] while others were merely inspired by certain aspects of string theory. The possibility of large extra dimensions was considered in ref. [5] for an unwarped spacetime. It was later shown [6] that warping of five-dimensional spacetime could lead to localisation of gravity on the brane even though the extra dimension was of infinite proper length. Gravity in such models seems four-dimensional down to very small distances where higher (discrete or continuum) Kaluza-Klein modes take over. Later on several models were proposed where gravity was actually quasi-localised, i.e. four-dimensional at intermediate scales and modified at very large distances (see for example [7, 8, 9]). Such models yield interesting possibilities for the origin of dark energy [10], ‘observed’ in cosmological experiments. However such models seem generically to suffer from ghosts [11] or strong coupling problems [12].

– 1 –

Let us step back to the case of localised gravity. As we mentioned above, gravity may be localised in the vicinity of a distributional, positive-tension, flat four-dimensional brane, embedded in a five-dimensional anti-de Sitter bulk, with an infinite extra dimension. The presence of a non trivial background is essential here. More precisely, the Einstein equations in this case admit a solution of the form

ds^2 = e^{2A(z)} η_{μν} dx^μdx^ν + dz^2 . (1.1)

The tension of the brane needs to be fine-tuned relative to the bulk cosmological constant in order to give four-dimensional Poincaré invariance. This fine-tuning of parameters corresponds to the usual cosmological constant problem in this context. Linear perturbations around this background show the existence of a single massless zero-mode, together with a continuum of massive Kaluza-Klein modes. The zero-mode is normalisable (because the volume element ∫ e^{2A}dz is finite) and localised on the brane. This is interpreted as the usual four-dimensional graviton. Furthermore, the wave-functions of the massive modes are highly suppressed on the brane, so that their contribution to four-dimensional gravity at low energy may be negligible. This was further confirmed, at the linear level, by a rigorous derivation of Newton’s law experienced by observers on the brane [13].

The Randall-Sundrum model [6] and its basic features rely on assumptions, such as the localisation of matter on a distributional source (see however [14]), a constant curvature bulk, and General Relativity to describe gravity in higher than 4 dimensions. One would like to know how generic these assumptions are. Since gravity plays such a key role in brane world models, it is certainly interesting to investigate how the usual features are modified by more general gravitational theories and backgrounds which are still compatible at some limit with Einstein’s theory and fundamental principles, and are also in accord with string theory low energy effective actions. This is the direction we take in this paper.

Toward this aim we add higher curvature contributions to the usual Einstein-Hilbert and cosmological constant terms in the bulk action. In four dimensions the Einstein-Hilbert term is the only term (apart from the cosmological constant) which yields at most second order derivatives in the field equations. In five dimensions this is no longer true [15], and the quadratic Gauss-Bonnet term

L_{GB} = R^2 − 4R_{ab}R^{ab} + R^{abcd}R_{abcd} (1.2)

also has this property. Any other quadratic term will produce higher order derivatives in the field equations, which will give rise to ghosts in the theory. Thus the Gauss-Bonnet combination is the only other sensible curvature term which can be included in the action for gravity (in five dimensions).

The Gauss-Bonnet term is the Euler characteristic in four dimensions just as the Ricci scalar is the Euler characteristic of two dimensions. The similar properties of the two terms are direct consequences of this fact. In an arbitrary number of dimensions the most general action yielding second order field equations has been given by Lovelock [16] (see also [17] for an elegant derivation using differential forms). Brane gravity with the Gauss-Bonnet term in a constant curvature bulk spacetime was first studied in [18].^1 A careful treatment of the

1See however [19, 20] for the junction conditions.

– 2 – graviton fluctuations was given in ref. [19] (see also [20] for the full use of Lovelock theory in arbitrary dimensions). Cosmological evolution and consequences of such a setup have also been studied (see for example [21]–[26]). For some early applications to cosmology see [27].

Another generalisation is to add a scalar field, with a Liouville type potential in the bulk. This may represent the dilaton and/or moduli fields of compactified string theory. In this context, gravitational fluctuations around scalar brane backgrounds have been studied (see e.g. [28], and also [29] for a smooth brane realisation). One of the phenomenological benefits of the inclusion of such a scalar field is an interesting reformulation of the cosmological constant problem in brane world models [30]. One is then able to use the additional degrees of freedom to ensure the existence of a four-dimensional Poincaré invariant solution whatever the values of the brane tension and the bulk cosmological constant. Thus there is no fine tuning of the fundamental parameters of the theory. This is the so-called ‘self-tuning’ mechanism. Unfortunately scalar field brane worlds with Liouville potentials generically suffer from naked singularities at finite proper distance from the brane, at least when sensible four-dimensional gravity is required [31]. This is true in particular for the self-tuning solutions [32]. The presence of the singularities re-introduces fine-tuning into the problem. This therefore represents a rephrasing, and not a solution, of the cosmological constant problem [33].

Close to these naked singularities, the original effective gravitational theory breaks down, because higher order terms in the lagrangian cannot be neglected anymore. We are thus naturally led to consider higher order curvature terms and, for the same reasons, higher order scalar kinetic terms as well. In this paper we will consider terms which are up to quartic order in derivatives in the action. Such actions arise naturally in the context of low energy effective string theory [34], and are known to lead to interesting properties in four-dimensional cosmology [35] as well as in black-hole physics [36]. Brane worlds with actions of this kind have been previously studied for a metrics of the form (1.1) with A ∝ z. The basic setup and particular solutions were analysed in detail in ref. [37], and asymptotic behaviour of solutions and self-tuning was discussed in ref. [38] (see also [39]). In ref. [40], an exact solution was found with non trivial scalar field profile, no naked singularity and finite four-dimensional Planck mass. However, the ‘self-tuning’ mechanism was shown to fail since the solution was fine-tuned much in the same way as in the Randall-Sundrum model. In fact, as explained in section 3, in order to address this latter issue, general solutions have to be known analytically. The construction, analysis and stability study of such solutions is one of the aims of this work.

The organisation of the paper is as follows: in the next section, we discuss the general action that we will consider. We demonstrate in particular that the origin of the scalar field (e.g. dilaton or moduli) fixes the coefficients of the higher order terms. We give the coefficients for toroidal Kaluza-Klein compactification. Field equations and boundary conditions for a conformally flat brane background (1.1) are discussed in section 3. Next, in section 4, we study the spin 2 linear gravitational perturbations around an arbitrary conformally flat background. We point out in all generality the essential differences of spin 2 perturbations of Einstein-Gauss-Bonnet with respect to ordinary Einstein gravity. We

– 3 – address in particular the question of gravity localisation on the brane. It is also shown generically that stability requirements are far more stringent in higher curvature brane world setups. This essentially means that Einstein brane worlds can develop order α^′ instabilities in an effective action approach. Having discussed in a general context background and perturbations, we move on to demonstrate how one finds solutions and their gravitational properties (singularities, localisation of gravity, stability etc). In section 5 we show how to obtain the general conformally flat solution to the field equations and their basic properties. In section 6 we apply our general analysis to the algebraically simplest case where the scalar field comes from the compactification of a flat sixth dimension. It is shown that the general maximally symmetric brane world solution is obtained from the corresponding six-dimensional black-hole solution. We concentrate on the cases without naked singularities in the bulk and study their stability and self-tuning requirements. It is intriguing that in the sole case where ‘self-tuning’ is actually possible (normalisable graviton zero-mode without naked singularity in the bulk, nor brane tension tuning), a ghost appears in the bulk. The last section contains a summary of our main results and our conclusions.

2. Action

Consider the action describing a scalar field which is conformally coupled to gravity, written in the Jordan (or string) frame, with terms which are up to quartic order in the field derivatives S = M^3 2 ∫ d^5x √ −g e^{−2ϕ} { R − 4ω∂_aϕ∂^aϕ − 2Λ + (2.1) + α [ L_{GB} + 16a∂_aϕ∂^aϕ□ϕ − 16bG^{ab}∂_aϕ∂_bϕ − 16c(∂_aϕ∂^aϕ)^2 ]} . This is the most general action of this order which obeys the rules of Lovelock gravity. This essentially means that the field equations obtained by variation of the scalar field ϕ and the metric tensor g_{μν} are linear in second order derivatives, and do not feature higher order derivatives. This is an essential and natural hypothesis when studying backgrounds with boundaries and linear perturbations of them. In a string theory context the above frame is referred to as the string frame if ϕ is the dilaton. Otherwise (for example if ϕ is a moduli field) it should be referred to as a Jordan frame.

The constants a, b and c express the higher order terms for the scalar field and its interaction with the Einstein tensor. They will be given specific values later on, depending on the physical nature of the scalar field. ω is the Brans-Dicke parameter. The higher order terms couple via the dimensionfull constant α which is of dimension (length)^2. For string theory it is proportional to the string tension α^′. Any terms other than those appearing in the above action (2.1) yield higher than second order derivatives, which always result in the existence of ghosts [41], even around a flat background.

Scalar-tensor theories of gravity are also studied in the Einstein frame, which is related to the Jordan frame by the conformal transformation g_{ab} → e^{−4ϕ/3}g_{ab}. The Einstein frame

– 4 – action is

S_E =

M^3 2 ∫ d^5x √ −g { R − 4 3 (3ω + 4)∂_aϕ∂^aϕ − 2Λ e^{4ϕ/3} + (2.2) + αe^{−4ϕ/3} [ L_{GB}+16ã∂_aϕ∂^aϕ□ϕ−16b̃G^{ab}∂_aϕ∂_bϕ−16c̃(∂_aϕ∂^aϕ)^2 ]}

where ã = a − 3b + 16 9 , b̃ = b − 16 9 , c̃ = −2a + 4 3 b + c − 8 27 . (2.3)

The identifications between the coefficients are easily obtained by comparing the field equations in the two frames (see appendix). Written in this form the action more closely resembles the usual Einstein-Hilbert action.

If the scalar field ϕ plays the role of the dilaton, the parameters a, b and c in eq. (2.1) are constrained in order to reproduce the scattering string amplitudes on shell [34]. For ω = −1 this constraint reads, 2a − 2b − c + 1 = 0 . (2.4)

The case a = b = c = 1 exhibits additional symmetry (higher-order extension of Tduality [42], as well as σ-model conformal invariance [43]). In the context of brane world models, it has been considered in ref. [38], while the case ã = b̃ = 0, c̃ = 1/27 has been discussed in detail in refs. [37, 40].

Another interesting case arises from toroidal Kaluza-Klein compactification. Start by considering the 5 + N-dimensional action

S^{(5+N)} =

M^3 2L^N ∫ d^5xdX^N √ −g_{(5+N)} { R^{(5+N)} − 2Λ + αL^{(5+N)}_{GB} } (2.5)

and take the N extra dimensions to be flat and compact, with 0 ≤ X_A < L and A, B = 1, . . . , N. Then for the metric ansatz ds^2_{5+N} = g_{ab}(x)dx^adx^b + e^{−4ϕ(x)/N} η_{AB} dX^AdX^B (2.6) we obtain the same field equations as eq. (2.1) with ω = − N − 1 N , a = (2ω + 1)ω , b = −ω , c = −(2ω + 1)ω^2 . (2.7)

This is the extension to higher curvature gravity theories of the usual Kaluza-Klein toroidal compactification. The scalar field in this case arises simply as the unique size or moduli of the N compact extra dimensions. For instance, in the string frame, N = 1 is simply ω = a = b = c = 0, and N = 2 is ω = −1/2, a = c = 0, b = 1/2. As N increases the extra terms in the action (2.1) are switched on, adding successive layers of complication. Interestingly the special case a = b = c = 1 of eq. (2.4) corresponds to N → ∞ and ω = −1.

3. Field equations

Consider the conformally flat metric,

ds^2 = e^{2A(z)}dx^μdx^ν η_{μν} + e^{2B(z)}dz^2 . (3.1)

– 5 –

Four dimensional spacetime sections are Poincaré invariant, and the single extra dimension (with coordinate label z) is warped. Note that we still have a gauge freedom relating the metric components A, B and ϕ; for example B = 0 corresponds to a gaussian normal system. We shall use this gauge freedom to solve the field equations in convenient coordinate systems in sections 5 and 6. The full field equations are listed in the appendix. The (5,5) component of the generalised Einstein equation gives

e^{2B} Λ − 2ωϕ^{′2} + 6A^{′2} − 8ϕ^′A^′ + +4αe^{−2B} ( −3A^{′4} + 24A^{′3}ϕ^′ − 36bA^{′2}ϕ^{′2} + 4a (4A^′ϕ^{′3} + ϕ^{′4}) − 6cϕ^{′4}] ) = 0 (3.2)

(note the absence of second derivatives). Furthermore a linear combination of the remaining two differential equations can be directly integrated to give e^{4A−2ϕ−3B} [ e^{2B} (2[ω + 1]ϕ^′ + A^′) − −4α ( 3A^{′3} + 6A^{′2}ϕ^′ − 6b[2A^{′2}ϕ^′ + A^′ϕ^{′2}] + 4a[2A^′ϕ^{′2} + ϕ^{′3}] − 4cϕ^{′3} )] = −C , (3.3)

where C is a constant of integration. It is interesting to note that for the Kaluza-Klein like choice of parameters (2.7), this equation factorises,

e^{4A−2ϕ−B} (2[ω + 1]ϕ^′ + A^′) ( 1 − 4αe^{−2B} [3A^{′2} + 6ωA^′ϕ^′ + 2ω(2ω + 1)ϕ^{′2}] ) = −C . (3.4)

The integration constant C will acquire a physical meaning in the case of 1 dimensional toroidal compactification. The above system of equations (3.2)–(3.3) are independent and yield the full set of solutions of eq. (2.1) for a conformally flat spacetime.

The brane contribution to the action in the Jordan/string frame is

S_b = − ∫ d^4x √ −h T (ϕ) (3.5)

where T is the brane tension. We can construct a brane world solution by joining together two spacetimes M_R and M_L. If we choose the coordinates so that z < 0 in M_L, z > 0 in M_R and z = 0 on the brane, then the brane junction conditions are [ e^{−B} (−3A^′ + 2ϕ^′) + 4αe^{−3B} ( A^{′3} − 6A^{′2}ϕ^′ + 6bA^′ϕ^{′2} − 4a 3 ϕ^{′3} )]_R L = M^{−3}e^{2ϕ}T (ϕ) (3.6) [ e^{−B} (−4ωϕ^′ − 8A^′) + 4αe^{−3B} ( 8A^{′3} − 24bA^{′2}ϕ^′ +

+16a ( A^′ϕ^{′2} + ϕ^{′3} 3 ) − 8cϕ^{′3} )]_R L = − M^{−3}e^{2ϕ} dT (ϕ) dϕ (3.7)

where [X]^R_L = X_R −X_L denotes the jump of X across the brane. It is interesting to note [38] that a linear combination of the above gives a similar equation to (3.3), [ e^{−B} (2(ω + 1)ϕ^′ + A^′) − 4αe^{−2B} ( 3(A^{′3} + 2A^{′2}ϕ^′) −

−6b(2A^{′2}ϕ^′ + A^′ϕ^{′2}) + 4a(2A^′ϕ^{′2} + ϕ^{′3}) − 4cϕ^{′3} )]_R L = M^{−3} 2 d dϕ ( e^{2ϕ}T (ϕ) ) . (3.8)

– 6 –

Thus if the integration constants in (3.3) are such that [C]^R_L = 0 (which corresponds to C = 0 in the Z_2-symmetric case), the r.h.s. of (3.8) must vanish. This constrains the brane tension to be T (ϕ) ∝ e^{−2ϕ}, which is the natural choice for the dilaton coupling to NS-branes in heterotic string theory. Such a case was studied in refs. [37, 40]. In ref. [40] in particular all requirements for ‘self-tuning’ (absence of naked singularities, finite volume element) were verified apart from ‘self-tuning’ itself. This was precisely due to the fact that the integration constant was set to be zero. Generically the [C]^R_L = 0 solutions always require fine-tuning of the fundamental parameters. We will investigate in detail a case where C ≠ 0 in section 6.

4. Brane gravity and stability

In order to investigate gravity as perceived by a four-dimensional observer and stability issues concerning the background solutions we will in this section consider perturbations around the general background (3.1). This will permit us to understand some important characteristics proper to the Einstein-Gauss-Bonnet theory that we are investigating. In this paper we will concentrate on the spin 2 perturbations which correspond to tensorial gravity on the four-dimensional brane world. We will see that the wave equation operator for the graviton modes in Lovelock gravity is closely analogous to that of Einstein gravity (see [51] for a recent discussion and references within). This follows from the fact that the two theories were constructed using similar requirements for their gravitational properties. The junction conditions will be however crucially different.

Start by choosing an axial gauge for the perturbed metric (γ_{a5} = 0):

ds^2 = e^{2A(z)}(η_{μν} + γ_{μν} (x, z))dx^μdx^ν + e^{2B(z)}dz^2 (4.1)

and consider a perturbed scalar field ϕ(z) + φ(x, z), with γ_{μν} and φ small. The first order perturbation to the (μν)-component of the gravitational field equation yields a rather complicated expression, ∂_z (p(z)∂_z [γ_{μν} −η_{μν} γ]) − w(z) ( 2∂^σ ∂_{(μ}γ_{ν)σ} − □_4γ_{μν} − −∂_μ∂_ν γ − η_{μν} [∂^σ∂^κγ_{σκ} − □_4γ] ) + (4.2)

+η_{μν} (f_1(z)∂^2_z φ + f_2(z)∂_z φ) + f_3(z)[∂_μ∂_ν φ − η_{μν} □_4φ] = δ(z)e^{4A} ( dT (ϕ) dϕ + 2T (ϕ) ) η_{μν} φ where indices are raised and lowered with η_{μν} , □_4 = η^{μν} ∂_μ∂_ν is the flat four-dimensional laplacian and f_1, f_2 and f_3 are some given background functions of z that we will not need for what follows. What will be important however, are the functions w and p which are given by,

w(z) = e^{2A−2ϕ+B} [1 + 4αq(z)] + 4αv^′(z) , (4.3) p(z) = e^{4A−2ϕ−B} (1 − 4αq(z)) , (4.4)

– 7 – where in turn

q(z) = e^{−2B} (A^{′2} − 4A^′ϕ^′ + 2bϕ^{′2}) , (4.5) v(z) = −e^{2A−2ϕ−B} (A^′ − 2ϕ^′) . (4.6)

We now project out the transverse traceless components of γ_{μν} [44] (see also [28]). Define symbolically the operator π_{μν} = η_{μν} − ∂_μ∂_ν /□_4, and consider

γ̄_{μν} = ( π_{μ(σ} π_{κ)ν} − 1 3 π_{μν} π_{σκ} ) γ^{σκ} . (4.7)

This satisfies ∂^μγ̄_{μν} = 0 and η^{μν}γ̄_{μν} = 0. Then, applying the projection (4.7) to the perturbation equation (4.2), we obtain the bulk perturbation equation for the tensor modes

∂_z(p(z)∂_zγ̄_{μν} ) + w(z)□_4γ̄_{μν} = 0 . (4.8)

Note that the form of the perturbation operator for γ̄_{μν} remains unchanged for α ≠ 0. In particular it is free from derivatives of higher than second order. What changes however is the interaction with the background i.e. the background dependent functions w(z) and p(z) which are now of higher order in derivatives than when α = 0. This fact is spelt out by the definitions of q and v which are of first order in derivatives. Note in particular the presence of second order derivatives, v^′, in the definition of w. This will yield important differences to the Einstein case for the perturbed junction conditions on the brane.

Given the spacetime symmetries consider now a plane wave separation of variables:

γ̄_{μν} (x, z) = c̄^m_{μν} (x) ψ_m(z) with □_4c̄^m_{μν} (x) = m^2 c̄^m_{μν} (x) (4.9)

where c̄^m_{μν} (x) is transverse-traceless and m^2 is the mass squared of the graviton mode as perceived by a four-dimensional observer. The scalar interaction wave equation (4.8) now reduces to ( p(z)ψ^′_m )_′ + m^2 w(z) ψ_m = 0 (4.10)

valid everywhere in the bulk. From the explicit form of w and p in eqs. (4.3) and (4.4), the associated junction conditions at the brane are given by

[e^{−B} ψ^′_m]^R_L = 4α[qe^{−B} ψ^′_m + e^{−2A−B} m^2ψ_m(A^′ − 2ϕ^′)]^R_L . (4.11)

Furthermore, in order for the perturbed bulk to induce a well-defined metric on the brane, the modes ψ_m have to be continuous across the brane.

In order to study the propagation of gravitons (existence of zero mode, stability, and orthogonality of eigenmodes) modulo the initial conditions supplied by the brane we now need to examine the boundary value problem as defined by (4.10) and (4.11). Such problems are generically treated in two ways; either as a Sturm-Liouville boundary problem, or by coordinate transforming to a Schrödinger type equation. Let us follow these methods in turn pointing out the essential differences appearing here due to the higher curvature term corrections.

– 8 –

If p and w are positive, the l.h.s. of (4.10) is the usual ‘self-adjoint’ type differential operator with weight function w just like in standard (singular) Sturm-Liouville theory. The boundary conditions for (4.10) are however unusual and call for particular attention. For massless modes m^2 = 0, and Z_2 symmetry, (4.11) tells us that ψ^′_m = 0 for z = 0 just like for the α = 0 case — a standard Neumann boundary condition on the brane. For the massive modes however this is not the case, we have rather a mixed boundary condition and furthermore the mass of the mode in question appears in the boundary condition itself (4.11). This is precisely due to the presence of higher derivatives in w and is thus a feature of Gauss-Bonnet gravity.^2 We can however treat this in an analogous way by adding a suitable boundary term (total derivative) to the usual scalar product of the eigenvector functional space. Standard Sturm-Liouville considerations will then follow through. Indeed define (ϕ, ψ) = ∫ Bulk ϕψw dz + 4α[ψϕv]^R_L (4.12) where not only w but also [v] has to satisfy positivity conditions. We have included a nontrivial boundary term which arises from the second order derivative appearing in w (4.3). Suitable Sturm-Liouville boundary conditions are imposed at asymptotic infinity. The problem (4.10)–(4.11) is now self-adjoint. The modes are then orthogonal, form a complete basis and the problem is free of tachyon modes. The particular boundary conditions imposed here (4.11) lead us to demand that [v] is also positive along with w and p.

If on the other hand p is negative, the sign of the kinetic term in an effective action for ψ_m will also be negative. The solution will then have a graviton ghost in the bulk. If w and p have opposite signs the corresponding effective mass term will be negative. In this case the system may have tachyon modes and thus be classically unstable. Note that a negative value of [v] can also permit tachyon modes to exist, even if w > 0 (see section 6 for an example). This is due to the mixed boundary conditions (4.11) and essentially means that brane world backgrounds which are stable in Einstein gravity can develop an instability once we allow for α corrections. This amounts to a higher order curvature correction instability. This is the most important consequence of the mixed boundary conditions (4.11) and is independent of the presence of the scalar field in the background. If p and w (and [v]) are negative the system will be classically stable although a graviton ghost is problematic at the quantum level. Note that the possibility of negative p or w (or [v]) only occurs when the α dependent terms are included in the theory. It should also be noted that even if there are no graviton ghosts or tachyons, there will be analogous issues with the scalar field perturbations (tachyons, ghosts and also radiative corrections), although we will not consider them in this paper.

A necessary condition for gravity to be localised on the brane is that the zero mode solution of (4.10)–(4.11) be normalisable. This is equivalent to asking that ∫ Bulk

w(z) |ψ_0|^2 dz < ∞ . (4.13)

2Not surprisingly similar boundary conditions also appear in the DGP model [7] with the inclusion of the induced gravity term on the brane.

– 9 –

The zero mode solution of the bulk equation (4.10) is

ψ_0 = c_0 + c_1 ∫ Bulk dz p , (4.14)

where c_0 and c_1 are constants fixed by the boundary conditions. For a Z_2 symmetric brane world, c_1 = 0. If the zero mode ψ_0 is constant the normalisation condition (4.13) amounts to having a finite four-dimensional volume element: ∫ Bulk

w(z) dz , (4.15)

which includes the α contributions. If the volume element (4.15) is not finite and p > 0 there will be no normalisable zero mode. However if we consider spacetimes where p has a different sign on each side of the brane, this argument may be bypassed. If w also changes sign the system may be classically stable, although it will have a ghost on one side of the brane. We describe an explicit example of this in section 6.

It is also useful to recast the wave equation (4.10) in a Schrödinger form in the bulk (z ≠ 0): [ − d^2 dx^2 + V (x) ] Φ_m = m^2 Φ_m (4.16) with dx/dz = √ w/p and Φ_m = (wp)^{1/4} ψ_m. The effective potential is then given by,

V (x) =

d^2 dx^2 [(wp)

1/4] (wp)^{1/4} . Note that when α ≠ 0 this equation is not valid on the brane since the coordinate x is ill defined there. The Schrödinger picture is however interesting when studying the large z behaviour.

5. Conformally flat solutions

We will now give a method for obtaining analytically the general solution of the bulk field equations (3.2)–(3.3). If C = 0 then e^{−B}A^′ and e^{−B} ϕ^′ are constants and the differential equations reduce to algebraic equations, which are easily analysed. Such solutions have been investigated in [37, 38, 40]. To deal with the more complicated case of C ≠ 0, we begin by choosing our variable to be z = dϕ/dA (so in these coordinates, the brane is not necessarily at z = 0).

The field equations now take the form,

Λ + A^{′2}e^{−2B} [ P_0(z) − 4αe^{−2B} A^{′2}P_1(z) ] = 0 (5.1) Ce^{2ϕ−4A} = −e^{−B} A^′ [ Q_0(z) − 4αe^{−2B} A^{′2}Q_1(z) ] (5.2)

where

P_0 = 6 − 8z − 2ωz^2 , P_1 = 3 − 24z + 36bz^2 − 16az^3 − 2z^4(2a − 3c) , Q_0 = 1 + 2(ω + 1)z , Q_1 = 3 + 6(1 − 2b)z + 2z^2(4a − 3b) + 4z^3(a − c) .

– 10 –

For Λ = 0, (5.1) is easily solved to give an expression for B

B = ln A^′ + 1 2 ln 4αP_1 P_0

. (5.3)

Substituting this into (5.2) provides an expression for ϕ − 2A in terms of z ϕ − 2A = 1 2 ln(P_0Q_1 − Q_0P_1) + 1 4 ln P_0 P^3_1 − 1 2 ln(2C √ α) . (5.4)

Differentiating with respect to z and rearranging this expression gives

A^′ = 1 4(z − 2) d dz {2 ln(P_0Q_1 − Q_0P_1) + ln P_0 − 3 ln P_1} . (5.5)

Integrating this gives A(z), which can then be substituted into eqs. (5.3) and (5.4) to find B(z) and ϕ(z). It is obvious that the choice of convenient a, b and c can simplify the relevant algebra. A similar approach can be used when Λ ≠ 0, although in this case the expression for B (5.3) will be a solution to the quadratic (5.1), which complicates all the subsequent steps.

The properties of these solutions can be analysed by expressing the above polynomials in terms of their roots. Write P_0 = 6(1 − u_1z)(1 − u_2z), P_1 = 3

∏_4 i=1(1 − v_iz), P_0Q_1 − Q_0P_1 = 15

∏_5

i=1(1 − w_iz). Some of the u_i, v_i, w_i may be zero, or complex. For example, if a = b = c = ω = 0 all these parameters are zero except u_1 = 4/3, v_1 = 8, w_1 = −2. This case will be discussed in detail in section 6.

Assuming that z = 2 is not a root of any of the three polynomials, the expressions (5.3)– (5.4) imply A = 1 4 ∑ i u_i 1 − 2u_i ln |1 − u_iz| − 3 4 ∑ i v_i 1 − 2v_i ln |1 − v_iz| + 1 2 ∑ i w_i 1 − 2w_i ln |1 − w_iz| + cst.

(5.6) ϕ = 1 4 ∑ i 1 1 − 2u_i ln |1 − u_iz| − 3 4 ∑ i 1 1 − 2v_i ln |1 − v_iz| + 1 2 ∑ i 1 1 − 2w_i ln |1 − w_iz| + cst.

(5.7) and B = ln A^′ − 1 2 ∑ i ln(1 − u_iz) + 1 2 ∑ i ln(1 − v_iz) + ln √ 2α . (5.8)

It is clear from the above expressions that the points z = 1/u_i, 1/v_i, 1/w_i (real values of z only) are singularities of some kind. We will refer to these as critical points. Note that the metric (and ϕ) are only singular at the point z = ±∞ if one of the critical points is zero.

We will assume (for simplicity) that all the roots are distinct. In this case the behaviour of the metric and the curvature tensors near the singularities can be easily obtained from the above expressions (5.3)–(5.4). In the Jordan frame, we see that the points z = 1/v_i are curvature singularities which are a finite proper distance away from other nearby points (i.e. ∫ e^B dz does not diverge as z → 1/v_i). On the other hand, the points z = 1/u_i, 1/w_i are all at infinite proper distance from other points, and are not curvature singularities. They

– 11 – therefore correspond to spatial infinities. Hence all the roots of P_0, P_1 and P_0Q_1 − Q_0P_1 are either naked curvature singularities or spatial infinities. A slightly different analysis is required for 1/z → 0, but the same results apply. The above expressions actually give several solutions; one for each range of z which does not contain any coordinate singularities, and for which B (5.8) is real.

The situation is similar in the Einstein frame. The critical points are curvature singularities at finite proper distance if the corresponding critical point has 1/2 < u_i < 2/3, v_i < 1/2, v_i > 1 or w_i > 1/2. Otherwise they are spatial infinities. The difference between the two frames arises because ϕ → ±∞ at the critical points.

We are interested in regions of spacetime which can be used to construct brane worlds with localised gravity, but which do not have any problems with naked singularities. If the zero-mode ψ_0 is constant as usual, the condition (4.13) for gravity to be localised on the brane is equivalent to require that the volume element (4.15) is finite. By substituting the solution (5.6)–(5.8) into eq. (4.15), we can determine whether it converges near each of the critical points. If it does then we can construct a suitable brane world using such a region of spacetime. The volume element (4.15) will converge near a critical point if it satisfies 1/2 < w_i < 1, v_i > 2, v_i < 1/2 or 1/2 < u_i < 2/3 as appropriate. Thus in the Jordan frame there are ranges of u_i and w_i for which regions of spacetime without curvature singularities and finite volume element can be found. However it should be noted that if u_i, w_i > 1/2 (or v_i < 1/2) then the string coupling, e^ϕ, diverges at the corresponding critical point. Furthermore the time taken (as perceived by an observer on the brane) for a photon to reach the brane from this point ( ∫ e^{B−A}dz), is finite if w_i > 1/2, w_i < 0, v_i > 2, v_i < 1/2 or 1/2 < u_i < 2/3. Hence the region of strong coupling will be visible from the brane. In the Einstein frame the conditions for a finite volume element are the same as those for a naked singularity.

If Λ ≠ 0 a similar approach can be used. Asymptotic behaviour of the solutions can be obtained near the critical points, and this can be used to determine if the volume element is finite or if there are naked singularities. As for Λ = 0 there are no solutions with finite volume element and no curvature or string coupling singularities. Similar ideas have previously been used to analyse the a = b = c = −ω = 1 case [38].

Hence, for C ≠ 0, it does not generally seem to be possible to obtain brane models with finite volume element and without naked singularities. This is not true for C = 0 [38, 40], but the brane tension is then fine-tuned, as explained in section 3.

There are several cases for which the above analysis does not apply. If the polynomial q (4.5) which appears in the definition of the volume element (4.3) shares a root with P_1, the volume element will converge for a wider range of parameters. Similarly if 1 + 4αq shares a root with one of the other polynomials. The situation will also be changed if any of P_0, P_1, or P_0Q_1 − Q_0P_1 share a root. However these situations will not generally arise without unnatural fine-tuning of the parameters ω, a, b and c. An exception is the point z = ∞. For many of the Kaluza-Klein like choices of parameters (2.7) this critical point corresponds to a root of more than one of the polynomials. However each of these cases has similar properties to the non-degenerate critical points discussed above.

– 12 –

6. Six-dimensional Kaluza-Klein case

Let us now focus on the case where ϕ is a moduli field of a compact sixth dimension. In the Jordan frame, putting N = 1 in the action (2.5) corresponds to ω = a = b = c = 0. This is obviously the simplest case to consider for the action (2.1). We will now construct the general solution for these parameters.

6.1 General bulk solution We start by considering the 6-dimensional Gauss-Bonnet anti-de Sitter black hole solution [45, 46]. The solution reads,

ds^2_6 = −V (r)dT^2 + r^2dx^2_4 + dr^2 V (r) (6.1)

where V (r) = κ + r^2(1 ± U)/(12α) with U = √ 1 − Λ Λ_c + μ r^5

(6.2)

Here, dx^2_4 is an euclidean space of constant curvature κ, and Λ_c = −5/(12α). Note in passing that if Λ = Λ_c the field equations have a degenerate solution with e^{−B}A^′ = 1/ √ 12α and ϕ completely arbitrary. This corresponds to the Class I solutions found in ref. [21].

The integration constant μ is related to the ‘AD energy’ of the solution. Unlike ordinary Einstein gravity (α = 0) there are two branches of solutions and both vacua are classically stable [47] to small perturbations. The solution corresponding to the (−) choice of sign has a well defined α → 0 limit, whereas the second solution exists only if α ≠ 0. For lack of a better name we will call the (−) branch the Einstein branch, and the (+) branch the Gauss-Bonnet branch. Note that particular attention has to be given to the ‘AD energy’ of the Gauss-Bonnet branch as was shown in ref. [47] (see also [48] for a hamiltonian approach). We emphasise that the Gauss-Bonnet branch does not have an equivalent solution in Einstein theory.

Let us focus on the planar case κ = 0. For both branches there is the standard curvature singularity at r = 0. If (1 − Λ/Λ_c)μ < 0 then there will be an additional singularity at r = r_∗ = (Λ/Λ_c − 1)^{−1/5}μ^{1/5}, where U = 0. Only the solution with the lower choice of sign has an event horizon, and then only if Λμ < 0. The horizon is located at r = r_h = (Λ_c/Λ)^{1/5}μ^{1/5}. Otherwise there is no black hole but merely a naked singularity.

A conformally flat, five-dimensional scalar field solution is obtained from the black hole (6.1) by the analytic continuation t = ix_4 and X_1 ∝ iT , comparison with (2.6), and then compactification of the sixth dimension. The scalar field solution in brane background (3.1) reads,

A = ln r r_b + A_b , (6.3) ϕ = − 1 4 ln r^2(1 ± U) r^2_b (1 ± U_b)

+ ϕ_b , (6.4) B = − 1 2 ln r^2(1 ± U) + 1 2 ln 12α , (6.5)

– 13 – where the parameters A_b, ϕ_b and r_b are constants which will be convenient when discussing boundaries, and

U_b = U(r_b) = √ 1 − Λ Λ_c + μ r^5_b . Note that the parameter μ in the above solution is proportional to the constant C in (3.3).

Taking A_b = (2/3)ϕ_b the metric in the Einstein frame reads,

ds^2_E = e^{−4ϕ/3}ds^2 = ( r r_b )_{8/3}( 1 ± U 1 ± U_b )_{1/3} dx^μdx^ν η_{μν} + 12αe^{−4ϕb /3}dr^2 r^{2/3}_b r^{4/3}(1 ± U)^{2/3}(1 ± U_b)^{1/3} . (6.6) If the original vacuum solution has an event horizon, it will be transformed into a curvature singularity for the scalar field system. This is a common phenomenon of conformally flat scalar field spacetimes obtained in this way. Of course a naked singularity signals the endpoint of the validity of a particular solution. There are a total of 7 distinct types of spacetimes which can be obtained from the metric (6.1) in this way. They can be classified according to the choice of sign in the definition of V (r), the sign of μ, and the value of Λ. Most of them have naked curvature singularities which restrict the allowed range of r.

For the Gauss-Bonnet branch, if Λ < Λ_c (in which case μ must be positive), the metric is only well-defined in the coordinate range 0 < r < r_∗. This solution has two naked singularities which are a finite proper distance apart. If Λ > Λ_c the solution is well-defined for r > r_∗ if μ < 0, and for r > 0 if μ ≥ 0. These solutions have one naked singularity and are of infinite proper distance i.e. infinite in the extra dimension.

For the Einstein branch we have more possibilities due to the additional singular point r = r_h. The metric is only well-defined for r_h < r < r_∗ if Λ < Λ_c (and μ > 0), and for r_∗ < r < r_h if Λ > 0 (in which case μ must be negative). Again we have two naked singularities separated by finite proper distance. When Λ_c < Λ < 0 the solution is well defined for r > r_h if μ > 0 and for r > r_∗ if μ < 0 (or just simply r > 0 if μ = 0). If Λ = 0 for the Einstein branch, μ must be negative and the metric may be defined for r > r_∗, but has a naked singularity at infinity (r → ∞).

Finally for Λ = Λ_c, there is only one branch,^3 1 ± U being replaced by 1 + μ̄/r^{5/2}. The solution is well-defined for r > (−μ̄)^{2/5} if μ̄ < 0 and for r > 0 if μ̄ > 0.

For comparison with the previous section, the three Λ = 0 solutions: Gauss-Bonnet branch with μ < 0, Gauss-Bonnet branch with μ > 0, and Einstein branch with μ < 0 respectively correspond to the three ranges −∞ < z < −1/2, −1/2 < z < 1/8 and 3/4 < z < ∞ of the coordinate z = dϕ/dA. The points z = −1/2, 3/4 are spatial infinities (r = ∞), while z = 0, 1/8 are the curvature singularities (r = r_∗, 0 respectively).

An infinite (proper distance) brane world solution can be constructed by taking two halves of infinite bulk spacetimes (not necessarily identical) and ‘gluing’ them together. The brane acts as a boundary for the bulk spacetime on both sides permitting the elimination of one curvature singularity. We see immediately that spacetimes with two naked singularities (which are also of finite proper distance) are unsuitable for constructing singularity free

3In D = 5 this case is related to Chern-Simons gravity (see for instance [49]).

– 14 – brane worlds. Thus we can construct singularity free brane world models using the any of the Λ ≥ Λ_c Gauss-Bonnet branch solutions or the Λ_c ≤ Λ < 0 Einstein branch solutions, provided that we keep the appropriate singularity free half of the bulk spacetime. Note that we keep asymptotic infinity r → ∞ which represents proper infinity too. We take the brane to be positioned at r = r_b. The constants A_b and ϕ_b have to be the same on both sides of the brane, in order to guarantee a well-defined induced metric as well as continuity of the scalar field. In contrast, the parameter μ, or equivalently U_b, may take different values on each side.

Before moving on to boundary conditions we note in passing that if the black hole horizon is not flat then analytic continuation (see for instance [50] for an α = 0 example) gives in the Einstein frame,

ds^2_E = V^{1/3}r^2(−dt^2 + e^{2√κt}dx^2_3) + V^{−2/3}dr^2 (6.7)

with ϕ = −^1_4 ln V (r) + ϕ_0. Notice then how the curvature of the horizon after analytic continuation translates into the de Sitter or anti-de Sitter expansion of the brane world sections. The metric (6.7) represents the bulk background for a brane world of constant curvature. Having obtained the full set of spacetime solutions we now can move on to the boundary conditions.

6.2 Brane tension and parameter tuning

For a Z_2-symmetric brane world, the solution (6.3)–(6.5) is defined up to 2 integration constants, namely ϕ_b and μ (the constant A_b is not physical and may be taken to vanish), and 2 possible branches. Applying the junction conditions (3.6) and (3.7) to this solution, and taking the brane tension to be T (ϕ) = T_1e^{−χϕ}, we find

χ = 2 + 30μ (U^2_b ∓ 16U_b − 32 + 15U^2_0 )r^5_b

(6.8) and T_1 = −

M^3 √ 12α 32 ± 16U_b − U^2_b − 15U^2_0 6(1 ± U_b)^{1/2} e^{(χ−2)ϕb} = 5μ M^3 √ 12αr^5_b (χ − 2) √ 1 ± U_b e^{(χ−2)ϕb} (6.9)

A few comments are now in order. If μ = 0 then χ = 2 and therefore T_1 must be fine-tuned [40]. Otherwise fixing χ, the dilaton coupling to the brane, fixes the value of the integration constant μ for given Λ. Then, the brane tension parameter T_1 in eq. (6.9) still depends on the arbitrary integration constant ϕ_b in eq. (6.4), which could conceivably tune itself to allow four-dimensional flat solutions for any values of the tension. This is the basic idea behind ‘self-tuning’. It is also easy to see that the brane tension can be positive for both branches.

If we relax the assumption of Z_2-symmetry across the brane, the parameter μ may take different values on each side of the brane, and so we will have one extra arbitrary integration constant in the expressions for χ and T_1.

– 15 –

6.3 Stability and four-dimensional effective gravity

The functions appearing in the graviton equations (4.3)–(4.6) are: w = ∓ √ 3α r^2 r^3_b

50U^2U^2_0 − U^4 − 25U^4_0 12U^3 √ 1 ± U_b e^{2Ab−2ϕb} (6.10) p = ∓ r^6 r^5_b

(1 ± U)(U^2 + 5U^2_0 ) 12U √ 3α √ 1 ± U_b e^{4Ab−2ϕb} (6.11) v = ∓ r^3 r^3_b

3U^2 ± 8U + 5U^2_0 8 √ 3αU √ 1 ± U_b e^{2Ab−2ϕb} (6.12)

where U_0 = U(μ = 0) = √ 1 − Λ/Λ_c and the lower sign corresponds to the Einstein branch.

In these coordinates r ranges from r_b to ∞. We will only consider the cases without naked bulk singularities (U_0 ≥ 0 for the Gauss-Bonnet branch, and 0 ≤ U_0 < 1 for the Einstein branch).

First note that the bulk graviton equation (4.10) is singular in the limit r → ∞, since the functions w (6.10) and p (6.11) blow up. This is always true except for the trivial case of the constant zero mode. In the Schrödinger formulation (4.16), this translates into a potential V (x) diverging at a finite distance from the brane in the x-coordinate. The situation is thus similar to that of a particle confined in a box, and we shall impose that the wave-functions Φ_m vanish “at the edge of the box”. This is equivalent to require:

ψ_m ∼ o ( 1 r^2 ) for r → ∞ . (6.13)

All the modes satisfying eq. (6.13) are normalisable on the bulk interval with respect to the weighting function w(r) (6.10). Considering the asymptotic behaviour of the wave equation (4.10) with the expressions (6.10) and (6.11) shows that eq. (6.13) selects a oneparameter family of solutions for ψ_m on each side of the brane. Continuity on the brane and the junction conditions (4.11) then result in a homogeneous system of two equations for the two unknown parameters. Vanishing of its determinant then gives the allowed values for m^2, which are therefore discrete. Since α is the only other mass scale appearing in the problem, we expect the order of magnitude of mass spacings between the modes to be: Δm ∼ 1 √ α . (6.14)

Secondly note from eq. (6.11) that the sign of p is always negative for the Gauss-Bonnet branch. This implies that the sign of the kinetic term in an effective action for γ̄_{μν} is also negative. This branch therefore suffers for a graviton ghost in the bulk. The same is true for the corresponding original six-dimensional black-hole vacuum [45], although it has been argued to be classically stable [47]. On the other hand, p is always positive for the Einstein branch, so this case is ghost free. As discussed in section 4, there may be tachyon modes if either w or [v] is negative. This could occur for the Einstein branch, in which case the solution would be unstable.

– 16 –

To illustrate the above two points consider the case μ = 0. We can then find analytic expressions for the modes. Indeed define:

λ^2_± = |m^2| 12α 1 ± U_0 r^2_b e^{−2Ab} . (6.15)

For m^2 > 0 the bulk solution satisfying (6.13) is ψ_m ∝ 1 r^{5/2} J_{5/2} ( λ_± r ) (6.16)

and the mass spacings between the Kaluza-Klein states are given by:

Δm^2 ∼

1 − U_0 12α e^{Ab} (6.17)

in agreement with (6.14).

Now consider a solution with m^2 < 0, satisfying (6.13) at infinity, ψ_m ∝ 1 r^{5/2} I_{5/2} ( λ_± r ) . (6.18)

In the case of two Einstein branches on each side of the brane, the corresponding junction condition (4.11) then implies λ_− r_b I_{5/2} ( λ_− r ) = 3U_0 4(1 − U_0) I_{3/2} ( λ_− r ) (6.19)

If 0 < U_0 < 1, this equation is always satisfied by one real value of λ_−, and so there is always a tachyon mode when μ = 0 for the Einstein branch, even though p and w are positive. For small U_0, m^2 ∼ −(U_0/α)e^{2Ab} /r^2_b . The higher order curvature term has destabilised the solution. Note in contrast that the junction conditions do not allow for any tachyonic gravitons in the case where the Gauss-Bonnet branch is present on at least one side of the brane (and μ = 0).

To ensure that w > 0 we require 5(5 − 2 √ 6)U^2_0 < U^2_b < 5(5 + 2 √ 6)U^2_0 . To ensure [v] ≥ 0 we need U_b ≤ (4/3)(1 − √ 1 − 15U^2_0 /16), and so μ must be negative. It is only possible to satisfy both these conditions simultaneously if U_0 ≳ 0.87, hence Λ/Λ_c must be small if the spacetime is to be free from tachyons and ghosts.

As for the constant zero mode, we see from eq. (6.10) that the volume element (4.15) is infinite for the solution (6.3)–(6.5), in agreement with the general discussion of section 5. In the present example this is because, in order to avoid naked singularities, we have kept the region of space-time which contains the conformal infinity of the original six-dimensional space (6.1), which is asymptotically anti-de Sitter. Nevertheless, it is possible to localise gravity on the brane, if we break Z_2 symmetry by joining together an Einstein with a Gauss-Bonnet branch. The price to pay however is a bulk graviton ghost on the Gauss- Bonnet side. Indeed, for m^2 = 0, the solution (4.14) of the perturbation equation (4.10) which satisfies the boundary condition (6.13) is given by:

ψ_0 = C [ ± 5U^2_0 2 ln ( U^2 6U^2_0 + 5 6 ) ± ln ( 1 ± U 1 ± U_0 ) − √ 5U_0 arctan √ 5(U − U_0) U + 5U_0 ] (6.20)

– 17 – for μ ≠ 0 and C/r^5 if μ = 0, where the constant C may be different on both sides of the brane. The junction condition (4.11), together with continuity of ψ_0 on the brane, then require μ ≠ 0 and two different branches of the solution on each side of the brane. The special junction conditions for higher order terms discussed in section 4, as well as the two possible signs of p (and hence the ghost) are essential here. In this case, the zeromode (6.20) is normalisable, and separated from the massive ones by the mass gap (6.14). Since it is natural for α to be of the order of the fundamental scale of the underlying theory, the contribution of the massive gravitons to brane gravity at low energies is likely to be negligible. This setup is still free of singularities in the bulk, and the tension of the brane is not fine-tuned.

7. Conclusions

In this paper we have investigated the properties of a Poincaré brane world, located in a fivedimensional background containing a scalar field. We considered the most general quartic order action which produced field equations that were linear in second order derivatives, and contained no higher derivatives. If the scalar field plays the role of the dilaton, the couplings of the dilatonic higher order terms in the lagrangian (2.1) are constrained in order to reproduce the scattering string amplitudes on shell [34]. We have also derived their values (2.7) when the scalar field arises as the unique modulus coming from the Kaluza-Klein toroidal compactification of N extra dimensions.

In order to study how gravity may be perceived by a four-dimensional observer, we considered background perturbations corresponding to graviton modes which are tangent to the brane. Although the tensorial structure of bulk gravitons is still the same as in Einstein gravity, the higher order terms lead to significant modifications to the original mechanism of gravity localisation. In particular, they lead to mixed rather than Neumann boundary conditions (4.11), much like induced gravity models [7], where the momenta of modes appear in the boundary conditions themselves. This renders questions of eigenmode orthogonality and of background stability far more subtle and constrained than the Einstein case (4.12). For example it is possible to have a scalar field background which is stable in Einstein gravity, but which develops tachyon modes when a Gauss-Bonnet correction is included. A solution with this type of instability (6.18) was described in the previous section.

Furthermore, for some non Z_2-symmetric configurations, gravity may be localised on the brane, even though the volume element is infinite. This involves a non-constant graviton zero mode, and is only possible if there are multiple branches of solutions, as occurs in Einstein-Gauss-Bonnet gravity. However, combining different branches in this way generically implies a bulk graviton ghost on one side of the brane.

In section 5 we presented a method for analytically obtaining the general solution of the field equations, which as we showed in section 3, is a necessary step if one is to address the ‘self-tuning’ mechanism in this context (i.e. trying to resolve the four-dimensional cosmological constant problem by allowing four-dimensional Poincaré invariance on the brane to be obtained without fine-tuning of its tension, due to its conformal coupling to

– 18 – the scalar field [30]). We then argued that requiring finite volume element, as well as no naked singularities (and finite string coupling), generally implies fine-tuning rather than self-tuning of the brane tension.

Finally, to illustrate all of the above, we considered in detail the case where the scalar field is the modulus of a sixth flat dimension. The general solution then is simply obtained by analytic continuation of the corresponding six-dimensional Gauss-Bonnet blackhole [45, 46]. The spatial topology of the black hole horizon transforms into the fourdimensional spacetime curvature of the brane thus providing the de Sitter, Poincaré, and anti-de Sitter brane solutions. Regular brane solutions can then be constructed without fine-tuning of tension, or naked singularities in the bulk. It is rather intriguing that the zero-mode graviton is generically non-normalisable i.e. gravity is not localised, except if we consider different branches of solutions on each side of the brane. Such a setup allows for a normalisable zero-mode graviton to be separated from the (discrete) massive ones by a mass gap, of the order of the fundamental scale coupling of the higher order terms. The drawback of this case is the presence of a bulk graviton ghost in the Gauss-Bonnet branch which signals a potential quantum inconsistency of the gravitational background. This is a rather subtle problem since the corresponding original six-dimensional black-hole anti-de Sitter vacuum [45] has also been argued to be classically stable [47] to small perturbations due to the change of sign of the AD energy in the Gauss-Bonnet branch. The presence, significance and eventual cure of such bulk ghosts certainly demands further study.

Furthermore, on a different note, higher dimensional toroidal compactification should relate the scalar field solutions discussed here (for N > 2) to the Gauss-Bonnet equivalent of cosmic p-brane solutions [52]. Such solutions yield backgrounds of higher co-dimension brane worlds [53, 54]. It would be intriguing to know their Gauss-Bonnet versions and to see if they can solve some of the problems of their Einstein counterparts such as the presence of the bulk naked singularity or the fate of self-tuning in higher co-dimension spacetimes (see for example [55]).

Acknowledgments

It is a great pleasure to thank Pierre Binetruy, Brandon Carter, Jihad Mourad, Luigi Pilo, Valery Rubakov and Dani Steer for encouraging and discouraging remarks and observations. CC thanks G. Kofinas for discussions on Chern-Simmons gravity. SCD is grateful to the EC network HPRN–CT–2000–00152 for financial support.

A. Field equations

Varying the action (2.1) with respect to the metric gives:

fΛg_{ab} + fG_{ab} − f^′ [∇_a∇_bϕ − g_{ab}□ϕ] − f^{′′} [ ∇_bϕ∇_aϕ − g_{ab}(∇ϕ)^2 ] − − 4ωf ( ∇_bϕ∇_aϕ − 1 2 g_{ab}(∇ϕ)^2 ) + 2α ( fH_{ab} + 2P_{aebc}(f^{′′}∇^eϕ∇^cϕ + f^′∇^e∇^cϕ) ) −

– 19 –

−8bα ( f [ 2∇^eϕ∇^cϕP_{aebc} + (∇ϕ)^2G_{ab} + 2(∇_a∇_eϕ)(∇_b∇^eϕ) − −2(∇_a∇_bϕ)□ϕ + (□ϕ)^2g_{ab} − (∇^e∇^cϕ)(∇_e∇_cϕ)g_{ab} ] + +f^′ [ (∇ϕ)^2□ϕg_{ab} − (∇^e∇^cϕ)∇_eϕ∇_cϕg_{ab} − ∇_aϕ∇_bϕ□ϕ − −(∇ϕ)^2∇_a∇_bϕ + 2∇^eϕ∇_{(a}ϕ∇_{b)}∇_eϕ ]) + + 16aα ( f [ (∇^eϕ∇^cϕ(∇_e∇_cϕ)g_{ab} − 2∇^eϕ∇_{(a}ϕ(∇_{b)}∇_eϕ) + ∇_aϕ∇_bϕ□ϕ ] + + 1 2 f^′ [ (∇ϕ)^2g_{ab} − 2(∇ϕ)^2∇_aϕ∇_bϕ ] ) − (A.1) − 16cαf ( 2(∇ϕ)^2∇_aϕ∇_bϕ − 1 2 (∇ϕ)^4g_{ab} ) = 0 where the prime denotes differentiation with respect to ϕ, and H_{ab} = R_{adec}R_b^{dec} − 2R^{ec}R_{eacb} − 2R_{ae}R^e_b + RR_{ab} − 1 4 g_{ab}L_{GB} (A.2) P_{aebc} = R_{aebc} + R_{be}g_{ac} + R_{ac}g_{be} − R_{ec}g_{ab} − R_{ab}g_{ec} + 1 2 Rg_{ab}g_{ec} − 1 2 Rg_{be}g_{ac} . (A.3) Varying (2.1) with respect to the scalar field gives:

0 = −8ωf□ϕ − 4ωf^′(∇ϕ)^2 − f^′R + 2f^′Λ + 2Λ^′f + +α ( −f^′L_{GB} − 16(3cf^′ + af^{′′})(∇ϕ)^4 − 16bG^{ab} ( f^′∇_aϕ∇_bϕ + 2f∇_a∇_bϕ ) + + 32af(□ϕ)^2 − 64cf(∇ϕ)^2□ϕ − 64(2cf + af^′)∇^bϕ∇^aϕ∇_b∇_aϕ − − 32af ( ∇^a∇^bϕ∇_a∇_bϕ + R^{ab}∇_aϕ∇_bϕ )) (A.4)

For a conformally flat ansatz of the form (3.1), the (μ, ν) and (5,5) components of (A.1) read, respectively:

4ϕ^{′′} − 6A^{′′} − 4(ω + 2)ϕ^{′2} − 12A^{′2} − 2Λe^{2B} + 12A^′ϕ^′ + 6A^′B^′ − 4ϕ^′B^′+ +24αe^{−2B} ( A^{′2}A^{′′} − 2A^{′2}ϕ^{′′} − 4ϕ^′A^′A^{′′} + 4A^{′2}ϕ^{′2} − 6ϕ^′A^{′3} + A^{′4} −A^{′3}B^′ + 6A^{′2}B^′ϕ^′ ) + +48bαe^{−2B} ( ϕ^{′2}A^{′′} + 2A^′ϕ^′ϕ^{′′} + 2A^{′2}ϕ^{′2} − 2A^′ϕ^{′3} − 3A^′B^′ϕ^{′2} ) + (A.5) +32aαe^{−2B} ( −ϕ^{′2}ϕ^{′′} + ϕ^{′4} + B^′ϕ^{′3} ) − 16cαe^{−2B} ϕ^{′4} = 0 e^{2B} 2Λ − 4ωϕ^{′2} + 12A^{′2} − 16ϕ^′A^′ + (A.6) +αe^{−2B} ( 24[−A^{′4} + 8A^{′3}ϕ^′] − 288b[A^{′2}ϕ^{′2}] + 32a[4A^′ϕ^{′3} + ϕ^{′4}] − 48c[ϕ^{′4}] ) = 0 while the scalar field equation (A.4) gives:

−4ωϕ^{′′} − 8A^{′′} + 4ωϕ^{′2} − 20A^{′2} − 2Λe^{2B} − 16ωA^′ϕ^′ + 8A^′B^′ + 4ωϕ^′B^′+ +αe^{−2B} ( 24 [ 4A^{′2}A^{′′} + 5A^{′4} − 4A^{′3}B^′ ] − −96b [ A^{′2}ϕ^{′′} + 2ϕ^′A^′A^{′′} − A^{′2}ϕ^{′2} + 4ϕ^′A^{′3} − 3A^{′2}ϕ^′B^′ ]) + +32aαe^{−2B} ( 2ϕ^{′2}A^{′′} + 2ϕ^{′2}ϕ^{′′} + 4A^′ϕ^′ϕ^{′′} + 8A^{′2}ϕ^{′2} − ϕ^{′4} − 6A^′B^′ϕ^{′2} − 2B^′ϕ^{′3} ) − (A.7) −16cαe^{−2B} ( 6ϕ^{′2}ϕ^{′′} + 8A^′ϕ^{′3} − 3ϕ^{′4} − 6B^′ϕ^{′3} ) = 0 where a prime denotes derivative with respect to z.

– 20 –

References

[1] A. Lukas, B.A. Ovrut, K.S. Stelle and D. Waldram, The universe as a domain wall, Phys.

Rev. D 59 (1999) 086001 [hep-th/9803235];

A. Lukas, B.A. Ovrut and D. Waldram, Cosmological solutions of Hořava-Witten theory, Phys. Rev. D 60 (1999) 086001 [hep-th/9806022].

[2] P. Binetruy, C. Deffayet and D. Langlois, Non-conventional cosmology from a brane-universe, Nucl. Phys. B 565 (2000) 269 [hep-th/9905012].

[3] V.A. Rubakov and M.E. Shaposhnikov, Do we live inside a domain wall?, Phys. Lett. B 125 (1983) 136; Extra space-time dimensions: towards a solution to the cosmological constant problem, Phys. Lett. B 125 (1983) 139;

E.J. Squires, Dimensional reduction caused by a cosmological constant, Phys. Lett. B 167 (1986) 286;

M. Visser, An exotic class of Kaluza-Klein models, Phys. Lett. B 159 (1985) 22 [hep-th/9910093].

[4] P. Hořava and E. Witten, Eleven-dimensional supergravity on a manifold with boundary, Nucl. Phys. B 475 (1996) 94 [hep-th/9603142].

[5] N. Arkani-Hamed, S. Dimopoulos and G.R. Dvali, The hierarchy problem and new dimensions at a millimeter, Phys. Lett. B 429 (1998) 263 [hep-ph/9803315]; I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G.R. Dvali, New dimensions at a millimeter to a fermi and superstrings at a TeV, Phys. Lett. B 436 (1998) 257 [hep-ph/9804398].

[6] L. Randall and R. Sundrum, An alternative to compactification, Phys. Rev. Lett. 83 (1999) 4690 [hep-th/9906064].

[7] G.R. Dvali, G. Gabadadze and M. Porrati, 4d gravity on a brane in 5d Minkowski space, Phys. Lett. B 485 (2000) 208 [hep-th/0005016].

[8] R. Gregory, V.A. Rubakov and S.M. Sibiryakov, Opening up extra dimensions at ultra-large scales, Phys. Rev. Lett. 84 (2000) 5928 [hep-th/0002072];

C. Charmousis, R. Gregory and V.A. Rubakov, Wave function of the radion in a brane world, Phys. Rev. D 62 (2000) 067505 [hep-th/9912160].

[9] I.I. Kogan, S. Mouslopoulos, A. Papazoglou and G.G. Ross, Multi-brane worlds and modification of gravity at large scales, Nucl. Phys. B 595 (2001) 225 [hep-th/0006030].

[10] C. Deffayet, Cosmology on a brane in Minkowski bulk, Phys. Lett. B 502 (2001) 199 [hep-th/0010186];

C. Deffayet, S.J. Landau, J. Raux, M. Zaldarriaga and P. Astier, Supernovae, CMB and gravitational leakage into extra dimensions, Phys. Rev. D 66 (2002) 024019 [astro-ph/0201164].

[11] R. Gregory, V.A. Rubakov and S.M. Sibiryakov, Gravity and antigravity in a brane world with metastable gravitons, Phys. Lett. B 489 (2000) 203 [hep-th/0003045]; L. Pilo, R. Rattazzi and A. Zaffaroni, The fate of the radion in models with metastable graviton, J. High Energy Phys. 07 (2000) 056 [hep-th/0004028];

S.L. Dubovsky and V.A. Rubakov, Brane-induced gravity in more than one extra dimensions: violation of equivalence principle and ghost, Phys. Rev. D 67 (2003) 104014 [hep-th/0212222].

– 21 –

[12] M.A. Luty, M. Porrati and R. Rattazzi, Strong interactions and stability in the DGP model, J. High Energy Phys. 09 (2003) 029 [hep-th/0303116];

V.A. Rubakov, Strong coupling in brane-induced gravity in five dimensions, hep-th/0303125.

[13] J. Garriga and T. Tanaka, Gravity in the brane-world, Phys. Rev. Lett. 84 (2000) 2778 [hep-th/9911055];

S.B. Giddings, E. Katz and L. Randall, Linearized gravity in brane backgrounds, J. High Energy Phys. 03 (2000) 023 [hep-th/0002091].

[14] S.L. Dubovsky and V.A. Rubakov, On models of gauge field localization on a brane, Int. J.

Mod. Phys. A 16 (2001) 4331 [hep-th/0105243].

[15] C. Lanczos, Z. Phys. 73 (1932) 147;

Ann. Math. 39 (1938) 842.

[16] D. Lovelock, The Einstein tensor and its generalizations, J. Math. Phys. 12 (1971) 498.

[17] B. Zumino, Gravity theories in more than four-dimensions, Phys. Rept. 137 (1986) 109.

[18] J.E. Kim, B. Kyae and H.M. Lee, Effective gauss-bonnet interaction in Randall-Sundrum compactification, Phys. Rev. D 62 (2000) 045013 [hep-ph/9912344];

J.E. Kim, B. Kyae and H.M. Lee, Various modified solutions of the Randall-Sundrum model with the Gauss-Bonnet interaction, Nucl. Phys. B 582 (2000) 296 [hep-th/0004005], erratum ibid. B 591 (2000) 587;

J.E. Kim and H.M. Lee, Gravity in the Einstein-Gauss-Bonnet theory with the Randall-Sundrum background, Nucl. Phys. B 602 (2001) 346 [hep-th/0010093], erratum ibid. B 619 (2001) 763;

S. Nojiri and S.D. Odintsov, Brane-world cosmology in higher derivative gravity or warped compactification in the next-to-leading order of AdS/CFT correspondence, J. High Energy Phys. 07 (2000) 049 [hep-th/0006232].

[19] Y.M. Cho, I.P. Neupane and P.S. Wesson, No ghost state of Gauss-Bonnet interaction in warped background, Nucl. Phys. B 621 (2002) 388 [hep-th/0104227]; N. Deruelle and M. Sasaki, Newton’s law on an Einstein ‘Gauss-Bonnet’ brane, Prog. Theor. Phys. 110 (2003) 441 [gr-qc/0306032].

[20] K.A. Meissner and M. Olechowski, Brane localization of gravity in higher derivative theory, Phys. Rev. D 65 (2002) 064017 [hep-th/0106203].

[21] C. Charmousis and J.-F. Dufaux, General Gauss-Bonnet brane cosmology, Class. and Quant.

Grav. 19 (2002) 4671 [hep-th/0202107].

[22] S.C. Davis, Generalised Israel junction conditions for a Gauss-Bonnet brane world, Phys.

Rev. D 67 (2003) 024030 [hep-th/0208205].

[23] E. Gravanis and S. Willison, Israel conditions for the Gauss-Bonnet theory and the Friedmann equation on the brane universe, Phys. Lett. B 562 (2003) 118 [hep-th/0209076].

[24] J.E. Lidsey and N.J. Nunes, Inflation in Gauss-Bonnet brane cosmology, Phys. Rev. D 67 (2003) 103510 [astro-ph/0303168].

[25] J.P. Gregory and A. Padilla, Braneworld holography in Gauss-Bonnet gravity, Class. and Quant. Grav. 20 (2003) 4221 [hep-th/0304250].

[26] G. Kofinas, R. Maartens and E. Papantonopoulos, Brane cosmology with curvature corrections, J. High Energy Phys. 10 (2003) 066 [hep-th/0307138].

– 22 –

[27] E.g. J. Madore, On the nature of the initial singularity in a lanczos cosmological model, Phys.

Lett. A 111 (1985) 283;

N. Deruelle and J. Madore, The Friedmann universe as an attractor of a Kaluza-Klein cosmology, Mod. Phys. Lett. A 1 (1986) 237.

[28] O. DeWolfe, D.Z. Freedman, S.S. Gubser and A. Karch, Modeling the fifth dimension with scalars and gravity, Phys. Rev. D 62 (2000) 046008 [hep-th/9909134].

[29] C. Csáki, J. Erlich, T.J. Hollowood and Y. Shirman, Universal aspects of gravity localized on thick branes, Nucl. Phys. B 581 (2000) 309 [hep-th/0001033].

[30] N. Arkani-Hamed, S. Dimopoulos, N. Kaloper and R. Sundrum, A small cosmological constant from a large extra dimension, Phys. Lett. B 480 (2000) 193 [hep-th/0001197]; S. Kachru, M.B. Schulz and E. Silverstein, Self-tuning flat domain walls in 5d gravity and string theory, Phys. Rev. D 62 (2000) 045021 [hep-th/0001206].

[31] E.g. C. Charmousis, Dilaton spacetimes with a Liouville potential, Class. and Quant. Grav.

19 (2002) 83 [hep-th/0107126];

S.C. Davis, Brane cosmology solutions with bulk scalar fields, J. High Energy Phys. 03 (2002) 058 [hep-ph/0111351].

[32] E.g. C. Csáki, J. Erlich, C. Grojean and T.J. Hollowood, General properties of the self-tuning domain wall approach to the cosmological constant problem, Nucl. Phys. B 584 (2000) 359 [hep-th/0004133].

[33] S. Förste, Z. Lalak, S. Lavignac and H.P. Nilles, A comment on self-tuning and vanishing cosmological constant in the brane world, Phys. Lett. B 481 (2000) 360 [hep-th/0002164].

[34] D.J. Gross and J.H. Sloan, The quartic effective action for the heterotic string, Nucl. Phys. B 291 (1987) 41;

R.R. Metsaev and A.A. Tseytlin, Order α^′ (two loop) equivalence of the string equations of motion and the sigma model Weyl invariance conditions: dependence on the dilaton and the antisymmetric tensor, Nucl. Phys. B 293 (1987) 385.

[35] E.g. I. Antoniadis, J. Rizos and K. Tamvakis, Singularity-free cosmological solutions of the superstring effective action, Nucl. Phys. B 415 (1994) 497 [hep-th/9305025].

[36] E.g. P. Kanti, N.E. Mavromatos, J. Rizos, K. Tamvakis and E. Winstanley, Dilatonic black holes in higher curvature string gravity, Phys. Rev. D 54 (1996) 5049 [hep-th/9511071].

[37] N.E. Mavromatos and J. Rizos, String inspired higher-curvature terms and the Randall-Sundrum scenario, Phys. Rev. D 62 (2000) 124004 [hep-th/0008074]; N.E. Mavromatos and J. Rizos, Exact solutions and the cosmological constant problem in dilatonic domain wall higher-curvature string gravity, Int. J. Mod. Phys. A 18 (2003) 57 [hep-th/0205299].

[38] A. Jakobek, K.A. Meissner and M. Olechowski, New brane solutions in higher order gravity, Nucl. Phys. B 645 (2002) 217 [hep-th/0206254];

K.A. Meissner and M. Olechowski, Domain walls without cosmological constant in higher order gravity, Phys. Rev. Lett. 86 (2001) 3708 [hep-th/0009122].

[39] I.P. Neupane, Consistency of higher derivative gravity in the brane background, J. High Energy Phys. 09 (2000) 040 [hep-th/0008190].

– 23 –

[40] P. Binetruy, C. Charmousis, S.C. Davis and J.-F. Dufaux, Avoidance of naked singularities in dilatonic brane world scenarios with a Gauss-Bonnet term, Phys. Lett. B 544 (2002) 183 [hep-th/0206089].

[41] B. Zwiebach, Curvature squared terms and string theories, Phys. Lett. B 156 (1985) 315.

[42] K.A. Meissner, Symmetries of higher-order string gravity actions, Phys. Lett. B 392 (1997) 298 [hep-th/9610131].

[43] N.E. Mavromatos and J.L. Miramontes, Effective actions from the conformal invariance conditions of bosonic sigma models with graviton and dilaton backgrounds, Phys. Lett. B 201 (1988) 473.

[44] D. Anselmi, Central functions and their physical implications, J. High Energy Phys. 05 (1998) 005 [hep-th/9702056].

[45] D.G. Boulware and S. Deser, String generated gravity models, Phys. Rev. Lett. 55 (1985) 2656.

[46] R.-G. Cai, Gauss-bonnet black holes in AdS spaces, Phys. Rev. D 65 (2002) 084014 [hep-th/0109133].

[47] S. Deser and B. Tekin, Energy in generic higher curvature gravity theories, Phys. Rev. D 67 (2003) 084009 [hep-th/0212292].

[48] A. Padilla, Surface terms and the Gauss-Bonnet hamiltonian, Class. and Quant. Grav. 20 (2003) 3129 [gr-qc/0303082].

[49] J. Crisostomo, R. Troncoso and J. Zanelli, Black hole scan, Phys. Rev. D 62 (2000) 084013 [hep-th/0003271].

[50] R. Gregory and A. Padilla, Nested braneworlds and strong brane gravity, Phys. Rev. D 65 (2002) 084013 [hep-th/0104262].

[51] N. Deruelle and J. Madore, On the quasi-linearity of the Einstein-‘Gauss-Bonnet’ gravity field equations, gr-qc/0305004.

[52] R. Gregory, Cosmic p-branes, Nucl. Phys. B 467 (1996) 159 [hep-th/9510202].

[53] C. Charmousis, R. Emparan and R. Gregory, Self-gravity of brane worlds: a new hierarchy twist, J. High Energy Phys. 05 (2001) 026 [hep-th/0101198].

[54] U. Ellwanger, Blown-up p-branes and the cosmological constant, JCAP 11 (2003) 013 [hep-th/0304057].

[55] I. Navarro, Codimension two compactifications and the cosmological constant problem, JCAP 09 (2003) 004 [hep-th/0302129];

S.M. Carroll and M.M. Guica, Sidestepping the cosmological constant with football-shaped extra dimensions, hep-th/0302067.

– 24 –